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1.1 ~�õU
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ü�&¢.@o·�Äk�éù�^�k�½�
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�
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�EõU�±ÏL�Eèü¥ �À�¢y,x�¥��ÑÎÜkÀJ�E
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'X·��)û��?¿é>/zg�¥:�EÑ,��õ>/,�EÌ�

e���J·�Ò�±ù�ö�.

���{{{

1.·�^ÀJõ>/�óä(��>�@«,�Uõ>/óäÀJ1n�.)�

Ñ��õ>/,����:VÂ.

2.3ö�ff�¤��ÿ,>´3À¥G�,·�^¯$�Ctrl + MÒ�)


�>�¥:.UY^¯$�Ctrl + LÒ�)
��#�õ>/,�Ò´¥:õ
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3.�Ee�,é¯Ò��
ù�¥:õ>/.

'uù�õ>/QiusirQ²uLL��£ã.

ã 1.1: ¦��Æ��ã
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p�==I�Àå´Ø
�,�IW���.
c?�”S�L§”��¡J

2”j±âUUC”,Ó��w2�r±”UCâUØC”�ºÝ.

lù�~f·��±wÑ5,ö�E|´�´��ý¡,,�¡�È\

²�.

Ø
�Eé��	,·��~^��kC�èü,C�¥^���ö�E|

Ò´VÂ,'X�òA:±B:�¥%� 1
2
, ·��±VÂB:,ÀJA:,l

èü¥ÀJ �,Ò¬�Ñé{µ,,�Ñ\1
2
,(½=�.ù�IP�L§Ò

�±ÏLVÂ¢y.

�k~^�á5,  ÏLm�ÒU
)û.'X#ïëê,�IX,�U�I

X�L�Ñ�±lm�èü¥��.

�,�õ�ö��´�6èü5)û,Ýþèü¥  U)û�
�

Ý,�Ý�Ýþ.'~�O���.ù
ö�³²�Ò�±)û,ØL��5

¿ö�^S,'XÝþ���ÿ,·��g :ÀA,B,CÝþÑ5Ò���

Ý∠ABC,:ÀC,B,AÒ¬���Ý∠CBA,ùü�Ýê�Ó,�´XJ·�

ÀJm�,ëêÀ�,ü À�k¥���Ý,Òuyùü�ÝêC¤
��

ê.A^��ÿÒ�5¿«O.

�kÙ¦~f,'X�Ñ�^��A,BÚÙþ�:C,·��g:ÀA,B,C,^

Ýþ,'�óäÒ¬��AC
AB

.´Ø´Ú\��Ø��B!éõ<¬±�´AC
CB
½

öO�|Üj,¤±��[%B!
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·�25ww,	ü�~^�èü,êâèüÚ±ãèü.

êâèü¥,Ì�k#ïëê,#ï¼ê,�LÚ½Â�¼ê�õU,Ù¥#ï

ëê½ö#ï¼êÑ´'�N´�. 'u�LÙ¢��uÄ��ÿ,·�Ï

L��~f?1`².

���{{{

1.±���:A,m�üÂù�:,�Ñîp�I.

2.d�du�I��Ñ,ë�¬g,�)�IXÚ��,Ûõ��.

3.:ÀxA, yA,|^êâèü�L.

4.:ÀL�,|^èüV\êâ(½ö¦^m�).�Ñ�é{µ¥·�Uw�

ü�À�,��´V\��#^8,,��´�ê�UC�V\,Ù¥��Ñ

ëê�±UCV\ê8 ÚV\�m��m,·�ÀJ1�«�ª.

5.ÀJ��·�^àI£Ä:,z��¦Ò¬P¹�� ���I,gÄ�V

\�
L�¥.

6.P¹�¤�,�±¦^±�L�¥�:5rL�¥�êâÑ��Ñ5.±�

Ñ5�:ÚÚL�®²øl'é'X
,d�íØL�,:�,�3,ùÙ¢

´����,3éõaq ^�¥,ù�Ñ´'é�.

�¼êõU�ér�,·��Ñ��¼ê,��Ò�±�Ñ�A��¼ê,$

��¹�
'�Û%�¼ê��±·ÒÁLf(x) = xx��.�[�±gCN

��e.

�k��õU�½Â±ã¼ê.ù´��é Û�õU.

���{{{

1.Äk3óä9¥À�IPóä,�¿3x�¥±��^­�,ùAT´��

ã¡/ª.

2.:Àã¡,|^êâèü½Â±ã¼ê,¬Ñy��¼êf(x) :±ã1

3.ÀJù�¼ê,±�ã�,·�uy��
��¼êã�Ä�Ú±��ã¡

­Ü,�´�\�1w.

4. ��ã¡½UC�ã¡� �,¼ê���u)Cz.

·�uyÙ¢ù�õU®²rff·�±��ã�=z¤
��¼ê. �

,·�±���½´��¼êâ�±,'X·�±����(�,éJx

�,���eÒ1),­Efâ�ö�, Ò¬uyØÓ.
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Gsp v5.0uÙ��ÿÒ^ù�õU�
��ü«,±��^­�,,�¼ê

z,,�O�ÙÈ©.�J�´é�À�B!

±ãèü¥·�­:`½Â�IXÚIP�IX.

���{{{

1.m�ïá�IX.

2.3²¡S�Ñ��:A,:ÀA,|^±ãèü,½Â�:,ù�¬ÑyJ«

µ,`s®²k���IX,´Ä��ï���IX,:Â(½.

3.3ù��IXS±���¼êf(x) = x2ã�.

4.:À��IX��:,ÏL±ãèüIP�IX,ù���£�5��I

X.3ù��IX¥±�f(x) = x2�ã�.

ù
õUXJ|^|©�{ÑU�E�~°ç��J.~X^ù�¢yã�

�²£C�ÒéN´.���±gCN¬�e.Ù¢¯õ�^�¥,AÛx�

�61§Ý´3¥Æ ���¥´��2��,Ì�´ö�B$N´\Ã.¤

±�[��ÿ}Á,>^>Æ,ATé¯Ã�gÏ�.

1.2 ÿÐ��

1.����n�/S�Ú´180◦���.

2.�����yrrNd½n���.

3.}Á|^ü«�{xÑf(x) = x2 − 2x + 3(x ∈ [−1, 3])�ã�±9Ù�¼
ê�ã�.

4.����df(x) = x2²£C��f(x) = (x− a)2��J.
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2.1 ?Ö£ã

¤¢Ff¯K,´��Í¶�;,b�¢�,·������p
á�

Ff(�à�3pþ,�à|3/þ), ù�Ff,-þ!X��hÖ×,�F

f^pwá��ÿ,hÖ×� ;,?

2.2 Eâ|±

ù�¯KÌ�´�6;,��E,ù��Ó�À¥��;,$Ä�gd

:Ú��E;,�:,,�:À�E;,Ò�±
.

XÛ�4��Ff^pw�Q?

Äk·�rù�¯K=z�êÆ£ã:®��^�ãAB,A3x¶��¶þ$

Ä,B3y¶��¶þ$Ä.��y�ãAB��Ý�d(½�). @où�¯Kq

�¿Ø(J.Äk�Ñx, y¶��¶ü^��,�Ñx¶þ�gd:A:,�½

�^�ãMN ,Ù�Ý�d,,�±A��%,MN��»x��y¶��¶ �

�:=�B.Xã2.1 �e5Ò���Ñ¥:,�E;,Ò�±
!
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ã 2.1: Ff¯K

ù�´{ü�¢y
Ff¯K,=vkí2,�Ø
�¦.�5qh²Æ))

û
ù�¯K.rù�Ff/)�0��IX¤k��¥,
��Ø^M5�

�:5�y½�
.
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2.3 äN�{

���{{{

1.#ï��x�©�,m��/���Ñ�IX.

2.3�IX¥±�:O��%xÑ���.¿3Ùþ?���:A.ë�AO¿

�¥:B.

3.LB��y¶�²1�l,ò�ãOA'ulé¡.ù�Òé¯Ò�����3

�IX¥�Ff.

4.IP¥:,�E;,=�.Xã2.2

ùpÌ�$^
��AÛ5�Ò�t��¤
ù�ó�.ò�£�Eâ�{

�KÜ��N
. Ù¢�¤
ù�ó�,&¢���vk�¤.

12
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2
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12
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B

O

A

ã 2.2: Ff¯K

'X·��±r¥:í2�?¿�:,·��±|^fâ�(J.

���{{{

1.#ï��x�©�,m��/���Ñ�IX.

2.3�IX¥±�:O��%xÑ���.¿3Ùþ?���:A.ë�AO¿

�¥:B.

3.LB�y¶�²1�l,ò�ãOA'ulé¡.ù�Òé¯Ò�����3�

IX¥�Ff.

4.Ûõõ{�:Ú�,�3e:AÚ”Ff”.^:óä3”Ff”þ?���

:C,ù�Ò��
Ffþ?¿�:.
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5.�Eù�C:'uA�;,.����ý�.}ÁöÄC:,¬uyù�;,

��u)Cz.

·���±�éõ�ïÄ,'X?uÐÛ,·�Ø��@�:�;,,


´�Ñ�ã�;,,ù�Ò/¤
���ä,Xã2.3.½ö·�rFfÚA:

/¤�n�/ A′O′A�­%.Jlù�­%�;,ÒØ,�����,X

ã2.4.ù�AÛ5�´Ø´é Û!·���±UYù�ïÄ,w\�Uk�

ouy.
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ã 2.3: Ff�ä
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ã 2.4: ­%;,

2.4 ÿÐ��

1.Ff¯K¥�n�/A′O′A�R%,	%,S%�EÑ5,¿�£±Ù;

,.

2.ò�I¶��ü^����(����I),|^Ff¯K��{(�,

UìR���E,�ù��Ffà:Ø�½�y3ü^��þ
),*	;,

�Cz�¹.

3.òù�½��ã¯Kí2��I­�þ�½��ã¥:;,¯K.
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13! oiXã-�mÐÚ

3.1 ?Ö£ã

���Lissajous­�,UìêÆ½Â´x = a sin(θ)

y = b sin(nθ + ϕ)
(1)

Ù¥n > 1, ϕ ∈
[
0, π

2

]
XJ�¤´AÛ£ã�{,Ò´ü�{��Ä��

�.Xã3.1, ·�{ü£ã�eù��{:

2.4

2.2

2

1.8

1.6

1.4

1.2

1

0.8

0.6

0.4

0.2

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

1.5 1 0.5 0.5 1 1.5

n⋅∠DEF = 102.26°

∠DEF = 51.13°n = 2

H'

H

G

E

OD

I

F

ã 3.1: {��ÄU\

���{{{ 1.ïá�IX,.�ü 1:,31���SxÑL(0, 0), (1, 0), (1, 1), (0, 1)o

�:���/,��·�w«Lissajousã�«�.

2.31o��Ú1���zÑü^�Ý�1��ã,¿±ù��ã��

»xÑü���EÚ�G.
3.�Ñ1������Eþ?¿�:F ,Ýþ�±�∠DEF ,¿ò�Ýü

 U����.

4.�Ñëên,D��2,O�n · ∠DEF ,¿3�G¥òG�e���þ�
:H,Uìn · ∠DEF^=�H ′:.
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5.LF,H ′©O��g�»�R��u�:,ù��:'uF�;,Ò

´Lissajousã.

�,XJ¦^�ê�{´'�N´�.

���{{{

1.#ïü�¼êf(x) = sin(x), g(x) = sin(2x).

2.$^èü±�,±�ëê­�,,�:Àf(x), g(x),¿�Ñ��(0, 2π).

3.éõ�ÿ=¦´IP
ëê����U����ã­�,@o�±öÄ­

�þ��Þr­�w«��.

ù��JÚ«Åì�w«´é���.·�8U��¤�Lissajousã�

'ù���E,�
,··���¤�´���m�Lissajousã. <�äN

��§5`·���¤�^�m­��±�,¦��§�
x = cos(5θ)

y = sin(3θ)

z = sin(θ)

Ù¥θ ∈ [0, 2π]

3.2 Eâ|±

ù�ó��k��n��IX�|±.

·�ùpØ�Ñn��IX���,
���Ñ��n��IXA^.

�máNAÛóä©�.ù�óä�muöJø
éõ�õU,·��´|

^Ù¥��Ü©,XJ�\ïÄ�±ë��ö�Ñ��'`².

·�Ì�´�3�IX¥£±��:,'X(1
2
, 1
3
, 1
4
).

���{{{ 1.VÂ:O��� ¥%,:À�IX¥�x:,Uì1
2
?1� ,�

�x′,Ó�� Ñy′, z′:.

2.Lx′�Oy�²1�, LLy′�Ox�²1�,�Ñü^���:��A.

3.IP�þOz′,Uìù��þ²£��A′.A′:=�¤¦.

ù�·�ÒU���IX¥�ü:
.nØþù��Jøü:Ò�±rõ¡

N�EÑ5.
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�´ù��E�õ¡N�¡Ú�ÑvkJ¢�J,Ù¢´�3D.ØLùp·

�ÒØ2�¦[!,\�ö��Ì.

3.3 äN�{

���{{{ 1.�mn��IXÚ©�,3?6èü¥À”ëê”,3�m�é{µ¥

ò�Ý�Ýþü U�lÝ(Ï��g�ã�¼ê¥�9n�¼ê).

2.½ÂÐn�¼ê

f(x) = cos 5x

g(x) = sin 3x

h(x) = sin x

¿�Ñ��ÏL��Ñ��Ý∠ABC,òÙIPU�t.

O�f(t), g(t), h(t).

Xã3.2¤«.

h t( ) = 0.74

g t( ) = 0.60

f t( ) = 0.53

h x( ) = sin x( )

g x( ) = sin 3⋅x( )

f x( ) = cos 5⋅x( )

t = 2.31弧度

 转2

 转1

z

y

x

 O

B C

转3

A

ã 3.2: O�Ú½
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3.IPn��I�¥%O,òX, Y, ZUì� f(t), g(t), h(t),��X ′, Y ′, Z ′

LX ′�OY�²1��LY ′�OX�²1�,�u:D.

òD:Uì�þOZ ′²£,����:D′.

�JXã3.3¤«.

h t( ) = 0.74

g t( ) = 0.60

f t( ) = 0.53

h x( ) = sin x( )

g x( ) = sin 3⋅x( )

f x( ) = cos 5⋅x( )

t = 2.31弧度

D'

D

z'

y'

x'

 转2

 转1

z

y

x

 O
B C

转3

A

ã 3.3: £±�m:

�'uA�D′�;,Ò�±
,ÛõØ7�:.Ì��;,Ò�¤
!

{ü=Ä�e,wwáN�J,�NAT�Ø�,�´¢Sþ�U"�ëìá

�N¤±aúáNaØr,·�2\þ�
9Ï���.

·��±òh(x)?U�h(x) = 0�{,*	�e���(JXã3.4¤«. . ²

x
�n·��±UYLissajousã���.

���{{{

4.Äkòh(x)U£�h(x) = sin(x).

5.3�IX¥±�Ñ(1, 1, 1):,¿|^ù�:é¡�Ñ±O�¥%,2�

c����N.(ù�Ú½¢y��{kéõ,Ì�´�²£^=�C�5�
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h t( ) = 0.00

g t( ) = 0.85

f t( ) = 0.92

h x( ) = 0

g x( ) = sin 3⋅x( )

f x( ) = cos 5⋅x( )

t = 2.43弧度

D'

 转2

 转1

z

y x O
B C

转3

A

ã 3.4: xoy¡þÝK

¤,ÒØ3Kã.)

6.m�w«¤kÛõ,ù�¶4þ'�Ï,À¥D:,2^¯$�Ctrl+Hò

w«Ñ5�:�Ûõ.ù�ÒéÑ
�Ûõ�D:.ù��{Ù¢´���À

J�E|,ék^�.

7.IP�þZO,òD²£,��D′(ùpXÚgÄ·¶�D′)Ù¢Ø´f

â�D′,ù�D′´²£���N.¡þ�,
¿��m¥�.�ù�#�)�

:�;,,U¤J�.¿ë�ü�D′,��éA'X.

Xã3.5¤«. . 8.:Àz:,m�,w«á5,Ñy�é{µ¥�é�À�

ke�fé�¥é�z′:,ù�gÄ���
z′:�á5,òz′:�ÛõEÀ

µ��,±w«Ñz′:,ù´,����ÀJ� E|.�[gC·�ÀJA^.

9.Óc�{é�x′,|^x′, z′ü�:,òù�¡S�ÝK:�Ñ,��M ,òMU

ìyO�þ²£,��M ′,M ′'u:A�;,Ò´,��¡S�ÝK,�,U�
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h t( ) = 0.32

g t( ) = 0.83

f t( ) = 0.05

h x( ) = sin x( )

g x( ) = sin 3⋅x( )

f x( ) = cos 5⋅x( )

t = 2.82弧度

D'

D'

D

 转2 转1

z

y
x

 O

B C

转3

A

ã 3.5: ��N¡þÝK

4[J�.

10.Ó��{�Ñ�{ÝK¡þ�ÝK,Ûõõ{�­�Ú:,Ò�¤
.

Xã3.6¤«.

3.4 ÿÐ��

1.|^ëê{±�ý��ëê�§.

2.�����m�Lissajousã(=­E�þ�L§).

3.}Á^T���{L«��{ü�­¡Mobius�(#'¿d�).
x(t, v) = r(t, v) cos t

y(t, v) = r(t, v) sin t

z(t, v) = bv sin t
2

(2)

Ù¥, r(t, v)a+ bv cos t
2
, v ∈ [−1, 1], t ∈ [0, 2π]
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h t( ) = 0.83

g t( ) = 0.20

f t( ) = 0.18

h x( ) = sin x( )

g x( ) = sin 3⋅x( )

f x( ) = cos 5⋅x( )

t = 0.98弧度
D'

 转2 转1

 O

B C

转3

A

ã 3.6: Lissajousã
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